Abstract: This paper suggests a novel nonlinear state feedback stabilization control law using linear matrix inequalities for a class of time-delayed nonlinear dynamic systems with Lipschitz nonlinearity conditions. Based on the Lyapunov-Krasovskii stability theory, the asymptotic stabilization criterion is derived in the linear matrix inequality form and the coefficients of the nonlinear state-feedback controller are determined.
Introduction
Time delays are often sources of instability and degradation of system efficiency in many control systems and are frequently encountered in a wide range of nonlinear dynamical systems, such as pneumatic systems [1] , chemical engineering [2] , hydraulic systems [3] , biological systems [4] , nuclear reactors [5] and population dynamics models [6] . The problem of stabilization of the time-delayed dynamical systems and synthesis of controllers for them has received a significant attention over the past years and different approaches have been proposed. Nevertheless, the offered methodologies remain restrictive to the specific classes of nonlinear systems, and there is any general technique to analyze and synthesize the general class of nonlinear systems [7] [8] [9] . This is the purpose of the current investigation on the analysis and control of the time-delayed nonlinear systems. For this purpose, selection of the predefined variables using a powerful computational design tool such as linear matrix inequality (LMI) technique is required.
LMIs have developed as an influential structure and design procedure for various control problems [10] .
In the past years, this method has been applied to find solutions of minimization convex problems, for instance, H 2 control [11] , H ∞ control [12] and guaranteed cost control [13] . Even though LMI is a convex optimization problem, such structure offers a numerically tractable mean for hard problems in the absence of analytical solutions. Moreover, some effective interior-point algorithms are now available to solve LMI problems. In [14] , an LMI-based H ∞ state feedback stabilization problem for the uncertain switched impulsive linear systems with state-delays and nonlinear parametric uncertainties is proposed. In [15] , a robust H ∞ fuzzy control method for TS-fuzzy time-delayed discrete-time bilinear systems with disturbances is proposed where the conditions of the system stability are formulated in the form of LMIs. In [16] , the problem of stabilization analysis using LMIs and robust H ∞ controller design for time-delayed systems with stochastic disturbances and parametric uncertainties is investigated. In [17] , an LMI-based Robust H ∞ statefeedback controller for the uncertain discrete-time systems with state-delays is proposed. In [18] , using a quadratic Lyapunov functional and variation of parameters method, the problem of LMI-based delaydependent BIBO stabilization control for the uncertain time-delayed systems is investigated. In [19] , a nonlinear matrix inequality is employed as a stabilization condition for uncertain time-delayed linear systems. In [20] , the robust exponential stabilization problem based on the Lyapunov parameter-dependent function and LMIs for a class of uncertain systems with time-varying delays is investigated. In [21] , the stabilization problem of a two-dimensional Burgers equation around a stationary solution using nonlinear feedback boundary controller is investigated. In [22] , the stabilization problem of uniform Euler-Bernoulli beam via nonlinear locally-distributed feedback controller is studied where the energy of the beam decays exponentially. In [23] , chaotification technique based on the nonlinear time-delayed feedback control method for a two-dimensional vibration isolation floating raft structure is presented. In [24] , the synchronization problem of the uncertain time-delay chaotic systems with the unknown inputs in a driveresponse framework using robust adaptive observer-based controller is investigated. In [25] , the nonlinear vibration control problem of the active vehicle suspension systems with the actuator delays using feedback linearization technique is studied. In [26] , the impact of delays on the self-excited oscillations of single and two degrees of freedom systems via nonlinear feedback is considered and a bounded saturated feedback control technique with controllable time-delays is suggested to induce the self-excited oscillations. To the best of the author's information, very little attention has been paid for the nonlinear state-feedback stabilization problem of time-delayed nonlinear systems with Lipschitz nonlinearities using LMIs, which is still an open problem. This stimulates the present research.
Motivated by the above discussion, the problem of robust H ∞ performance analysis for a class of nonlinear systems with state-delay and external disturbance is investigated in this paper. This work presents a state feedback control law for the stability problem of Lipschitz nonlinear time-delayed systems. By constructing a Lyapunov-Krasoviskii functional, asymptotical stabilization conditions are prepared in LMI form and the coefficients of the nonlinear state-feedback control law are determined via LMIs. The proposed controller guarantees asymptotical stability of these systems even if the nonlinear part is non-zero.
Unlike the former researches, the resultant LMI conditions have fewer pre-assumed design parameters, and consequently, the planned technique can yield less conservative conditions. The presentation of this article is listed as follows: Sect. 2 develops the problem description and some 
Problem description and required preliminaries
The nonlinear time-delayed system is considered as: 
is a Lipschitz constant matrix. Equivalently, the Lipschitz inequality (2) is re-written as follows:
The nonlinear state feedback control input is specified by:
where F is the state-feedback gain which will be calculated later using LMIs. The additional term ) (4) is necessary so that deal with systems possessing
Remark 1. The matrix B in (4) is assumed to be square and of full row rank. When the matrix B is nonsquare and has full rank, the nonlinear state-feedback control law can be expressed using the right inverse of
Therefore, this approach can be applied also on the situations in which the matrix B is non-square. 
Lemma 1 (Schur complement
then the asymptotical stability of the state trajectories is fulfilled and one can obtain the gain matrix F as
) is substituted into (1), we obtain:
We construct the Lyapunov-Krasovsky function candidate as follows: (11) with real symmetric matrices 0 P > and 1 0 P > which are determined using the LMI. The derivative of (11) with respect to time is derived as:
V t f x Px t x t A F B Px t x t A Px t x t Pf x x t P A BF x t x t PA x t x t P x t x t P x t
which can be rewritten by:
Note that the condition (3) can be restated as:
By combining (14) and (15) with S-procedure (Lemma 1), the condition ( ) 0 V t < & is satisfied if there exist a scalar 1 t such that:
Since the inequality (16) is not in the form of LMIs, assuming 
Inequality (17) can be rewritten in the form of (6) 
By applying Schur complement on (18), the following inequality is obtained:
where defining 
is fulfilled, then the control signal (4) confirms the asymptotical stability of states of the considered system and we can obtain F in (4) as
Proof. If (4) is substituted into (1), one can achieve:
The Lyapunov-Krasovsky functional candidate is constructed as (11) . The derivative of (11) with respect to time is derived as (12) . Substituting (21) into (12) gives: 
V t f x f P x t x t A F B Px t x t A Px t x t P f x f x t P x t x t P x t x t P A BF x t x t
where considering (3) and (22), one can obtain: 
x f Px t x t A F B Px t x t A Px t x t P f x f x t P A BF x t x t PA x t x t P x t x t P x t f x I f x x t L Lx
which, further, can be written as:
where
Inequality (26) can be written in the form of (6) as
Now, applying the Schur complement on (27) yields:
Since the inequality (28) is non-LMI, assuming 
x t f x Ax t A x t E t y t Cx t
where ( ) t ω denotes the external disturbance and E ω represent the constant matrix with suitable dimension. 
is satisfied, then the perturbed time-delayed system (29) is asymptotically stable and fulfills the H ∞ performance condition (30) .
Proof. The Lyapunov-Krasovsky candidate function is defined as (11) . Substituting (29) into the timederivative of the Lyapunov-Krasovsky function gives: 
T T T T T T T T T T T V t f x P x t x t Pf x x t A P PA P x t x t A Px t x t PA x t x t P x t x t PE t t E Px t
Now, considering (3) and (32), we have: 
V f x P x t x t Pf x x t A P PA P x t x t A Px t x t PA x t x t P x t x t PE t t E Px t f x I f x x t L Lx t
The H ∞ disturbance attenuation in (30) can be written as:
( ) ( ) ( ) ( ).

T T T x t C Cx t t t γ ω ω ≤ (34)
From (33) and (34), one can obtain:
where using (33)- (35) gives:
t f x P x t x t Pf x x t A Px t x t PA x t x t P x t x t PE t t E Px t f x I f x t t
ω ω t t t t ω ω γ ω ω
Inequality (38) can be written in the form of (6) as
Applying the Schur complement on (39) gives:
Similarly, if the Schur complement is applied on (40), one obtains:
Since Eq. (40) is non-LMI, assuming 
Simulation results
To illustrate the usefulness of the planned method, two simulation examples are considered. In Example A, an unstable nonlinear numerical system with state-delays is proposed. In Example B, the proposed control technique is applied on a practical RIP system with state-delays and nonlinearities.
Example A: Unstable Nonlinear Numerical System
The differential equations of this system are considered as: 
For simulation, the initial states and time-delay value are initialized as: (43)- (44) with some reformations can be illustrated in the form of (1) as follows: 
For the simulation usage, the initial states are specified as:
[ ] 
The time trajectories of states of the RIP system by using the suggested control law are presented in Figure   4 . The initial position is , related to the experimental part. It is observed from Figure 4 that the states of the RIP system can be regulated to the origin, irrespective of the time-delays and nonlinearities. The time response of the control signal is depicted in Figure 5 which displays the respectable efficiency of the suggested scheme. These simulations prove the robustness performance of the offered controller and show reasonable efficiency as well. In what follows, an experimental assessment of the proposed controller on the practical RIP system is presented. The experiment is performed on an ECP Model 220 industrial emulator with inverted pendulum, that includes a PC-based platform and DC brushless servo system [32] . The mechatronic system includes a motor used as servo actuator, a power amplifier and two encoders which provide accurate position measurements; i.e., 4000 lines per revolution with 4X hardware interpolation giving 16000 counts per revolution to each encoder; 1 count (equivalent to 0.000392 radians or 0.0225 degrees) is the lowest angular measurable [32] . The pendulum is fixed on the load disk (see figure 6 ).
Experimental results for the pendulum angle, load disk angle and time response of the applied control signal are demonstrated in Figure 7 and Figure 8 , revealing that the suggested control method is indeed effective in practice. 
Conclusions
In this paper, the scheme of nonlinear feedback stabilization procedure is provided for the stabilization control of a class of nonlinear systems with time-delays and Lipschitz nonlinearities. Based on the Lyapunov-Krasovskii stability theory, the stability performance of the system is verified in the form of LMIs and the states are convergent uniformly asymptotically to the origin. The controller gains are specified by the sufficient conditions using LMIs. Furthermore, the problem of robust H ∞ performance analysis for a class of nonlinear perturbed time-delayed systems is investigated in this paper. The obvious simulation and experimental results are displayed to confirm the effectiveness of the presented technique and finally, some acceptable results are realized. The recommended control technique can attain favorable tracking performance for the higher-order nonlinear dynamical systems.
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